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ABSTRACT. In this paper we compute the exact divisibility of some exponential
sums over Fp. Our results imply that these families of polynomials are not
permutation polynomials of F,. Also, we apply our results to the Waring
problem.

1. Introduction

Exponential sums have been applied in many areas of mathematics. Divisibility
of exponential sums is an area of the theory of exponential sums that has received
considered attention. Many authors have studied the p-adic divisibility of the roots
of L-function associated to the exponential sum. That information is encoded in
the Newton polygon of the L-function ([20, 24, 22, 25]). As the value of an
exponential sum is equal to the sum of the roots of the L-function associated to
it, any estimates in those imply an estimate for the divisibility of the exponential
sum. Sometimes some of the roots of the L-function associated to the exponential
sum have the same p-divisibility and when added together, the p-divisibility of the
exponential sum increases. In this paper we are interested in the divisibility of the
exponential sums associated to polynomials over a finite field of odd characteristic.

In general, there are very good estimates for the divisibility of exponential
sums (for example [21, 1, 15, 16, 2]). In this paper, we address the question of
computing the exact divisibility of exponential sums associated to polynomials over
E,. This is a difficult question, but in some cases it can be computed. Everytime we
compute the exact divisibility of a family of exponential sums we can conclude two
things. First, that each value of the exponential sum is not equal to zero and second,
that the polynomial associated to the exponential sum is not a permutation of the
finite field. In this paper we compute exact divisibility of families of exponential
sums associated to the following polynomials:

(1) F(X)=aX% +bX%,
(2) the polynomials containing monomials of type X% and X% satisfying
di+ds=p—1,
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under some natural conditions.

The original Waring’s problem is to find the minimum number of variables
such that the equation X{ +--- 4 X? = @ has at least one solution for any natural
number a. This minimum number is called the Waring number associated to d.
Many authors have considered the Waring problem over finite fields. There are
many bounds for Waring numbers and some can be found in [23, 10, 4]. Many
of these bounds are consequences of good estimates of the absolute value of Gauss
sums ([11], [8]) or methods of arithmetic combinatorics [4], [18].

In the literature of the Waring problem over finite fields, the following gen-
eralization has been considered: Given a polynomial F(X) over F,, estimate the
minimum number of variables such that

(1) F(X1)++F(Xy,) =a

has at least one solution over F, for any a € F,. We denote this number by v(F, q).
The above problem can be related to the following problem: Given polynomials
Fi(X1),...,F,(X,) over E,, find conditions such that every a € E, can be written
as

(2) a=F(x1)+ -+ F,(x,),
where x1,...,z, € F,. In [5], Carlitz et. al. proved that given Fy(X1),...,EF,(X,)
polynomials over F, of degree di,...,d,, every element a € F, can be written as

a=Fi(x1)+ -+ F,(x,), provided that

z[”dﬂ s,

=1

where ¢ is the number of F;’s which are neither of degree p—1 nor of the form a(X; —
8)z®=1 4+ . In [3], Cochrane et. al. use estimates for exponential sums to prove
that (1) has at least one solution for every a € F,, whenever r1+4---+7.(p,) > logp,
where the absolute value of the exponential sum corresponding to each r; is less than
or equal to p(1 —r;). Note that these results are for polynomials over F,. Recently
in [18], [9], they considered the Waring problem when F' = F; = --- = F,, and F'is
a Dickson polynomial over finite fields. Finally, in this paper we apply our results
about divisibility of exponential sums to obtain estimates for the generalization of
the Waring problem given in (1).

2. Preliminaries

Let F(Xy, - ,X,) = vazl a; X7t - X be a polynomial in the variables
Xi,--+,X, over F,. In this paper we consider p to be odd.

Let Q, be the p-adic field with ring of integers Z,, and let K be the extension
over , obtained by adjoining a primitive (p — 1)th root of unity in @,, the alge-
braic closure of Q,. The residue class field is isomorphic to E,. Let 7 denote the
Teichmiiller representatives of I, in K. Denote by £ a primitive pth root of unity in
@p. Define § = 1 —¢ and denote by vy the valuation over 6. Note that vg(p) = p—1

and v, (z) = 1;:%("?
Let ¢ : F, — Q(&) be a nontrivial additive character. The exponential sum
associated to F' is defined as follows:

S(Fy= Y F(z1,...,z0)).

T1,..., 2, R,
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Note that if we are able to compute the exact p-divisibility of the exponential
sum S(F), then we know that S(F) will not be divisible by some arbitrary large
power of p and therefore S(F') # 0. The next theorem ([16]) gives a bound for the
valuation of an exponential sum with respect to 6.

THEOREM 2.1. Let F(Xy,...,X,) = Zl L@ X X a; # 0. If S(F) s
the exponential sum

@1, @y €F,
then ve(S(F)) > L, where
Lhr’nl’rle){Z]Z 150<]Z<p}

for (41,.-.,Jn) a solution to the system
e11j1 +e2je + ... +einyjy  =0modp—1
(4) : :

en1j1 +enojo+ ... +epnin =0modp—1,
and s the number of expressions in (4) that are equal to zero.

Following the notation of [16], we expand the exponential sum S(F):

)

CHEECED DS lHC(ﬁ)] [Z tﬁ“*'“*jNEN] [H

j1=0  jn=0 Li=1 teTn

where a}’s are the Teichmiiller representatives of the coefficients a; of F', and c(j;)
is defined in Lemma 2.2 below. Each solution (ji,---,jn) to (4) is associated to a
term T in the above sum with

N _ _ N
vg(T) = ve ([H c(ji)] [Ztﬂleﬁ'“ﬂwew] [H a/zi]>

0 =i+ -

where s is the number of expressions in (4) that are equal to zero for the vector

(155 IN)-
Sometimes one does not have equality on the valuation of S(F') because it could
happen that there is more than one solution (ji,...,jx) that gives the minimum

value for EZ\LI ji and, for example, when the associated terms are similar some could
cancel and produce higher powers of 6 dividing the exponential. However, there
are situations on which one is able to compute the exact divisibility. The situation
that we considered in this paper is when there is a unique solution (ji,...,Jjn) in
(4). In this case the exact divisibility of S(F) is obtained. This was used in [6],
[7], [19] to obtain that vy(S(F)) = L for infinite families of polynomials.

From now on we call any solution (ji,- -, jn) of (4) that has vg(T") of minimum
value a minimal solution. In the cases considered in this paper we have s = 0. We
use the following lemma and Stickelberger’s Theorem to compute exact divisibility.
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LEMMA 2.2 ([16]). There is a unique polynomial C(X) = Z?;é c(j)X7 e
K(&)[X] of degree p — 1 such that
Ct)y=¢emw®  forallteT.
Moreover, the coefficients of C(X) satisfy

c(0)=1
(p—1De(p—1)=—p
(p—1Dec(j) =9(j)  for0<j<p-—1,

where g(j) is the Gauss sum,

9(j) = Y e,

teT*

THEOREM 2.3 (Stickelberger [17]). For 0 <j <p—1,

903" _

(8) 0= —1 mod 6.

The non-zero elements in the Teichmiiller set T satisfy the following relation:

LEMMA 2.4. Suppose that ey, ez, - ,e, are non-negative integers such that r
of them are non-zero and let e = (e1,--- ,e,). Then,

(p—1)"p"" if all e; are divisible by p — 1
e _

(9) t;_:nt o { 0 otherwise.

Next we state a theorem about permutation polynomials. This theorem is going
to be used in the next section.

THEOREM 2.5 ( [13]). A polynomial F(X) over E, in one variable over B, is
a permutation polynomial of B, if and only if S(F) = Zwer Y(F(x)) =0 for all
nontrivial additive character of F,.

Theorem 2.5 implies that if S(F) # 0 for some nontrivial additive character,
then F' is not a permutation polynomial of [F,.

3. Exact Divisibility of Exponential Sums in One Variable over F,

In this section we compute the p-divisibility of some exponential sums in one
variable over [F,. We apply our results about exact divisibility of exponential sums
to solutions of equations. Let F(X) be a polynomial over F,, where p is an odd
prime. If F(X) = a; X% 4+ ap X% 4 --- + a, X%, we need to compute

L =min{ji +j2 + -~ +jr }.
for any 0 < j1, j2, ..., Jr < p— 1 satisfying
(10) dij1 +dejo+ -+ drjr=0mod p—1
and prove this minimum is unique to conclude vg(S(F)) = L. In particular this
implies that S(a; X% +---+a,X%) #0and F(X) = a1 X% +ap X% +-- 4 a, X%

is not a permutation polynomial of F,. We assume through the paper that p —1 >
di >dy > -+ >d., >1and a; # 0. It is known that if dy divides p — 1, then

vo(S(F) =
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We start our study with exponential sums associated to F(X) = a X9t +bX¢
where ab # 0.

THEOREM 3.1. Let d be a positive integer greater than 1. Let k be the smallest
positive integer such that c¢(p —1)/(d+1) and c¢(p—1)/d are not integers for ¢ > 0
and [e(p—1)/(d+ 1] =[e(p—1)/d], forec<k.

o Then
vp(S(aX ™ +bX%)) = (%],
ifk(p—1)/(d+1) and k(p—1)/d are not integers and [k(p—1)/(d+1)] #
[k(p—1)/d].

o If only one of k(p—1)/(d+1) or k(p—1)/d is an integer, then the value
of vo(S(aX ¥t +bX?)) is such integer.

o Ifk(p—1)/(d+1) and k(p —1)/d are integers, then vg(S(aX9H +bX?))
is the minimum of such integers.

PROOF. Let j1,j2 be integers, 0 < 71,72 < p — 2, such that
Ji(d+ 1)+ jod = c(p — 1)

for some integer ¢ > 0. We rewrite this equation as Sd + j; = ¢(p — 1), where
S = j1 + jo. Let m > 0 denote the smallest sum j; + jo. Notice that if 51, %
is another solution of the modular equation associated to a X! + bX? and S =
J1+j2 =341+ g5, then j1 — j5 = (e —)(p—1) so j1 = ji and jo = j5. Thus, there
exists a unique pair ji, jo such that m = j; 4+ jo. Assume first that j; # 0 # js.
From Sd < Sd+ jo =c(p—1) < Sd+ S we get

clp—1) cp—1)
ir1 “T T
Let k be the smallest integer such that ¢(p—1)/(d+1) and ¢(p—1)/d are not integers
(for ¢ > 0) and [e(p—1)/(d+1)] =[c(p—1)/ ]for0<c<k. Ifk(p—1)/(d+1)
and k(p — 1)/d are not integers and [k(p — 1)/(d + 1)] # [k(p — 1)/d], then clearly
m=[k(p—1)/(d+1)] + 1. If either k(p — 1)/(d+ 1) or k(p — 1)/d is an integer
then m is that integer value. (I

ExXAMPLE 3.2. Two examples:

e If d =51 and p = 757, we have vy(S(aX5? + bX51)) = 44 since k = 3.

e If d = 31 and p = 61, we have we have 1(S(aX3? + bX3!)) = 15. Note
that ¢(p — 1)/32 and ¢(p — 1)/31 are not integers for ¢ < 7. In this
case [c(p —1)/32] = [e(p—1)/31] for ¢ < 8 but 8(p — 1)/32 = 15 is an
integer. The exact 61-divisibility of the number of solutions of F/(X;) +

<+ F(Xy4m) = a is 61™, for a € Fy1, where FI(X) = aX3? + X3!,

COROLLARY 3.3. With notation Theorem 3.1, we have
S(aX +bX%) £ 0.
COROLLARY 3.4. Suppose that d > 1 is positive integer dividing p — 1. Then
mm{dﬂ,%} ifd+1|p—1

V@(S(CLXdz + bXd'H)) { p—1 A, =7

— otherwise
d(d, 25)
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—1
PRrROOF. If d? divides p—1, then vg (S’(aXd2 + bXd+1)) = de

d? fp—1. The modular equation associated to the exponential sum is d2j; + (d +
1)jo = Omod p — 1. Let j; = dj; mod p — 1. We obtain the following modular
equation djf + (d 4+ 1)j2 = 0 mod p — 1. The minimal solution of this modular

equation is min{g—;}, %} by Theorem 3.1. O

. Suppose that

EXAMPLE 3.5. If d = 3 and p = 61, we have we have v4(S(aX? +bX*)) =15

since min{}7}, 72555} = min{15,20} = 15.

Consider polynomials of degree p — 2 over F,. In [12], Koyangin confirmed the
common belief that almost all permutation polynomials have degree ¢ — 2. The
following theorem provides families of polynomials that cannot be permutation
polynomials of [,.

THEOREM 3.6. Letp—2=d; > dy > --- > d, = 2 be positive integers satisfying
dy < |B5*]. Then

v9(S(a1 XP72 +apX® 4 .- +a,X?)) =3,

where aja, # 0. In particular S(F) # 0 and F' is not a permutation polynomial of
E,.

ProoF. Note that we do not have a minimal solution of (p —2)j; +-- -+ 25, =
0 mod p—1 with value < 2. We are going to prove that the unique minimal solution
of (p—2)j1+-+2j, =0modp—1is j; =2,j, =1 and jo = -+ = j,_; = 0.
Note that d;, + d;, +d;, <p —1 for i1,i9,493 > 1, p—2+2d;;, # 0mod p — 1 and
2(p —2) +d;;, Z0mod p — 1 except when d;, = 2. This completes the proof. [

Now we apply Theorem 3.8 to the Waring problem over F,.

COROLLARY 3.7. Letp—2=dy >dy > --->--->d._1 > d, = 2 be positive
integers satisfying do < L%J and F(X) = a1 X" 4+ ap X% 4+ + - + a0, X%,
Then F(X1) + -+ F(X;) = a is solvable for any a € F, whenever s > % and
p =1mod 3.

PROOF. Let N be the number of solutions of the equation F(Xy) + --- +
F(X,) = a over F,. Using the identity N = %le,...,xs,yek‘p Y(y(F(z) + -+
F(zs) — a)), we obtain the following system of modular equations:

(p—2)j11 + dajor + -+ + dr—1jr—11 +2jp1 =0mod p — 1

(p_2)jls +d2j25 +"'+dr71jr715+2jrs EOmodp— 1
]11++]r9+]£0m0dp71

The first s-modular equations have an unique minimal solution: ji1; = --+ = j14 =
2,4r1 = -+ = jrs = 1, the other j;’s equal to zero. Taking s = %, we obtain a
minimal solution of the modular system. Therefore p does not divide the number of
solutions of F'(X1)+ -+ F(Xs) = a. Hence, F(X1) +---+ F(X;) = a is solvable

over [F,. O

The following theorem gives a condition for a polynomial not to be a per-
mutation polynomial of F,, where the exponents of the polynomial satisfy some
conditions.
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THEOREM 3.8. Letp—22>dy >dy > - >dr—1 > d, > 1. If at least one of
the following conditions happen d;, +d;, = di, +di, =---=d;, , +diy =p—1 for
some l or d,, = prl, then

=2 2aqai, + +ay_,0;,)+
Ve (S(alXp_2+a2Xd2+- . ~+ar,1XdT*1+aerT)) a2, # 0 mod p
> 2.

In particular, S(F) # 0 and F(X) = a; XP 2 4+as X4 +- - -+a, 1 X1 +a,X is not
a permutation polynomial of B, whenever 2(a;, ai, + -+ a;,_,a;) + a2, # 0 mod p.

PROOF. The hypothesis in Theorem 3.8 implies that the minimal solutions of
the modular equation dyj; 4+ dsj2 + -+ + d-j = 0 mod p — 1 are of the following
two types:

L ji, = ji., = 1 and the rest of the j;’s equal to zero

II. j,, = 2 and the rest of the j;’s equal to zero.
The minimal solution j;, = j;,,, = 1 and the rest of the j;’s equal to zero corre-
sponds to d;, ,d;, ., satisfying d;, + d;,,, = p — 1. The minimal solution j,, = 2
and the rest of the j;’s equal to zero corresponds to d,, = E51. The contribution

2
of a minimal solution of type I to the divisibility of Sg) is

2

(p - 1)aikaik+1c(1) _ (p - 1)aikaik+1g(1)2

02 = =126 mod 6
Qi Qg g g(l)>2 iy, Qi gy

=+ (27 ) = = 2 modd.
(p—1) ( 0 (p—1)

The contribution of a minimal solution of type II to the divisibility of 5@5) is

(p—1)az,c(2) _ (p—1)az,9(2)
Iz = P 1)0 mod 6

2 2) - 2! 2
—(15”(9(9)2 >—a2mmod0.

The total contribution of all the minimal solutions to Séf) is

U
S (000 o e 6) - 5
a2

Note that ril(ailairz +otag,,aq) — 2

is a p-adic integer, hence if ﬁ(ailaz@ +
2 2

<o+ aj,_,a;) — “2 = 0mod 6, then ﬁ(a“aiz + -+ a,_,a;,) — % = 0mod p.

From this our result follows. g

Now we state several corollaries.

COROLLARY 3.9. Letp—2>dy >dy > -+ > dp_1 >d, > 1, and d; # 25+ for
any i. Then
vp(S(ar XM + apX® + - a1 XV 4 a, X)) =2,
whenever I = 2. In particular, S(F) # 0 and F(X) is not a permutation polynomial
of B,.

PROOF. Suppose (d;,,d;,) is the only order pair such that d;, +d;, = p — 1.
In this case we have a;,a;, # 0 mod p. g
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In the next corollary we apply Theorem 3.8 to the Waring problem over [F,.

COROLLARY 3.10. Let p—2>dy > dy > -+ > do_y > d, > 1, and d; # 25+
for any i and F(X) = ay XP"2 4+ -+ 4+ a, X%. Then F(X1)+ -+ F(X,) = a is
solvable for any a € F, whenever s > %, and l = 2.

PROOF. Let N be number the solutions of the equation F'(X7)+---+F(X;) =a
over [f,. Then the following system of modular equations is associated to IV:

dyji1 +dajor + -+ dr_1jr—11 +drjr1 =0mod p — 1

dljls +d2j2s + - +d7‘71j7‘715 +d7"jrs = OmOdp_ 1.
jll+"'+jrs+j50m0dp—]—

This system has a unique minimal solution since | = 2. Therefore p does not divide
the number of solutions of F(X1) + -+ F(X,) = a. 0

REMARK 1. Theorem 3.8 implies that p does not divide the number of solutions
of the following system of polynomial equations:

a X4+ ap,le‘Ll =a
p—1—d p—1—d
b1 X7 +ot by X T =0
Hence this system is solvable for any (a,b) € FPQ.

COROLLARY 3.11. Letp—2=d; >dy >+ > dp =25 >+ >dp_y > d, =
1,di+dj#p—1fori#jand1l<i,j<r. Then

=2 if2a1a, + a2, # 0 mod p
> 2 otherwise.

vg(S(alel + g X +aTX)) { ,
where ajama, # 0. In particular, F(X) = a; XP72 +a; X4 +- - -‘ramXPQ;l 4+ 4
ar_1 X% + a, X is not a permutation polynomial of F, whenever 2aia, + a} #
0 mod p.

a2

PROOF. In this case we have (‘;L‘Lf) — = = Omod p. From this our result

follows. O

COROLLARY 3.12. Letp—1>dy >dy >+ dp =25 > >dp_y >d, > 1,
and d; +dj #p—1 for any 4,5 with i # j. Then

119(5(@1)((][1 +apX® 4. aTXdT)) =2,
whenever ay, # 0. In particular, S(F) # 0 and F(X) is not a permutation polyno-
mial of F,.
PrROOF. The proof is similar to the proof of Corollary 3.11. O
As in Corollary 3.10, we apply Theorem 3.8 to the Waring problem over F,.

COROLLARY 3.13. Letp—1>d; >dy >+ >t =dpy > >dp_y > d, >
1, and d; +dj #p—1 for any i,j withi # j and F(X) = a1 X" + ag X% +--- +
am X T 4+ a, X%, Then F(X1)+ -+ F(X;) = a is solvable for any a € F,

whenever s > % and a,, # 0.

EXAMPLE 3.14. Let F(X) = X?~2 + X9 + X be a polynomial over F,.
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Y(F,11) =2 for 2<d <8,d# 5 and y(F,11) = 3 for d = 5.
v(F,13) =2 for 2 < d <10, d # 6 and v(F,11) = 3 for d = 6.
Y(F,17) =2 for 2 < d < 14.
v(F,19) = 2 for 2 < d < 16.

Now, we compute the exact divisibility of exponential sums of type S(aX% +
bX %), where d; — dy divides p — 1.

THEOREM 3.15. Let dy,dy be positive integers satisfying di > do > 0 and
di f(p—1). Let F(X) = aX“+bX % (ab # 0) be a binomial over B, and (d1,d2) = 1.
[f d1 - dg | P — 1
(1) then ve(S(F)) > dy — ds.

(2) and df:ih > dy —dy —dy >0, then vg(S(F)) = dy — dy where dy is the
p—1

smallest nonnegative integer congruent to d; mod i—a In this situation,
S(F) # 0 and F' does not permute F,.

PROOF. We can write the modular equation associated to S(F) as follows
(d1—d2)j1+d2(j1+72) = 0 mod p—1. Then da(j1+j2) = 0 mod (d; —d3). We obtain
j1+ j2 =0 mod (d; — d2). Hence a minimal solution of d;j; 4+ d2jo = 0 mod p — 1
is > dy — dy. This completes the proof of the first part of Theorem 3.15.

Let jo = di = d; mod ﬁ, and j; = dy —dy — d;. We are going to prove that
(j1,j2) is a minimal solution of dyj; + dajs = 0 mod p — 1.

dij1 + daja = dy(dy — dy — dy) + dady
dl(dl — dg) + (d2 — dl)dil = (dl — dg)(dl *dil) = 0 IIlOdp -1

Now we are going to prove that this solution is unique. Suppose that (ji,j2) is
another minimal solution, i.e., j; + jo = d; — do. We have (dy —dz)(dy —dz — dy) +
da(di — dg) = ci(p — 1),(d1 — d2)j1 + da(di — d2) = ca(p — 1). If 1 = co then
j1 = di —ds — dy and it is unique. If ¢ # ¢o, then j; = dy —do +dy + (ﬁ)l. If
1>1,then j; >dy —dy —dy + d’;%}i?. Hence
p—1 — p—1

> dp > .
dy — do b= dy — do

This is a contradiction. If{ < 0, then j; < di —da—d1 — P=L_ " This a contradiction

dy—ds
since df:; > dy —dy — dyi. Hence [ = 0.

di—dy=j1+j2>di —do —dy +

O

In [14], Masuda-Zieve proved the following results about permutation binomi-
als: Let di > ds be positive integers.
o If F(X)= X% +aX9% permutes F,, then s > /P —1, where s = ged(dy —
da,p—1), and a € ;.
o If F(X) = X% + aX® permutes F,, then p — 1 < (d; — 1) - max{da, s},
where s = gcd(dy — da,p — 1), and a € F}.

EXAMPLE 3.16. Various examples:

e Consider the polynomial F(X) = X?+aX? over Fs;. F is a permutation
polynomial of Fs; for a € {2,3,6,17, 19,26, 33,36, 38, 39,41, 45}.
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e Consider the polynomial F(X) = X3'+aX over Fp31;. Masuda-Zieve’s re-
sult implies that F’ does not permute 5311 since 30 < v/2311—1. Theorem
3.15 does not give any information about F since d; —dy —d; = —1 < 0. In
this case the minimum is m = 90 and it is unique. Hence vy(S(F')) = 90.

e Consider the polynomial F(z) = X'7+aX" over ;. In this case we have
that 6 > 10 — 5 = 5 > 0. Therefore, Theorem 3.15 implies that F' does
not permute Fs;. We have vy(S(F)) = 10. Masuda-Zeive’s results do not
give any information since 10 > v/61 — 1 and p — 1 > 16 x 10 = 160.

e Consider the polynomial F(X) = X151 +a X120 over Fsg3. In this case we
have that 22 > 31 — 27 =4 > 0. Therefore, Theorem 3.15 implies that F’
does not permute Fgg3. We have vg(S(F)) = 31. Masuda-Zieve's results
do not give any information since 31 > /683 — 1.

REMARK 2. We cannot apply Theorem 3.15 to a polynomial F(X) = X% +
aX®  when d; — do does not divide p — 1, but it can be applied to the polynomial
F'(X) = X*%42] 4 gz where s = gcd(dy — dg,p — 1), js = smodp — 1 and
ged(j,p — 1) = 1. The modular equations associated to F' and F’ are equivalent.
Hence vg(S(F)) = vo(S(F")).

EXAMPLE 3.17. Consider the polynomial F(X) = X*! 4+ aX!3 over Fo7. Note
that d; — da = 28 does not divide 126. In this case F'(X) = X" + aX®%. Note F’
satisfies the hypothesis of Theorem 3.15, 9 > 14 — 7 = 7 > 0. Therefore, Theorem
3.15 implies that vy(S(F)) = 14 and F does not permute Fo7.

Now we apply Theorem 3.15 to the Waring Problem.

COROLLARY 3.18. With the notation and hypotheses of part 2 of Theorem 3.15.
Let F(X) = aX®% +bX®% be a polynomial over B,. Then F(X1)+ -+ F(X) =a

. p—1
is solvable for any a € F, whenever s > a5

EXAMPLE 3.19. Let d; = 100,ds = 9 and p = 5279. Applying Corollary 3.18,
the equation Zle X}OO + X? = a is solvable for s > 58, a € F5a79.
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