A CLASS OF LOGARITHMIC INTEGRALS

LUIS A. MEDINA AND VICTOR H. MOLL

ABSTRACT. We present a systematic study of integrals of the form

1
1
Ig = / Q(z)loglog — dz,
Jo z

where @ is a rational function.

1. INTRODUCTION

The classical table of integrals by I. S. Gradshteyn and I. M. Ryzhik [8] contains
very few evaluations of the form

1
(1.1) Ig ::/ Q(x)loglogl/x dx,
0

where @ is a rational function. The example

1 3

1 T 27TF(*)

1.2 ———loglog1/zdx = = log | ——"
12 [ pylslst/zds 20g<vr(;> )

written in its trigonometric version

1 /2
1
1.3 ——— loglogl/xdx = loglog tan x dx,
(1:3) /0x2+1gg/ /Tr/4gg

is the subject of Vardi’s remarkable paper [13]. This example appears as 4.229.7 in
[8] and also in the equivalent form

L4 /Ooo logxdxzﬂlog<\/%F(Z)>7

coshx F(%)

as 4.371.1 in the same table.

We present here a systematic study of the logarithmic integrals (1.1). Through-
out the paper we indicate whether Mathematica 6.0 is capable of evaluating the
integrals considered. For example, a direct symbolic evaluation gives (1.2) as

1 3

1 s 4
1.5 ——loglog1/xdxr = —1 — .
(1.5) /O 251 oglogl/wdz 4Og<1“(i)4>
The reader should be aware that the question of whether a definite integral is
computable by a symbolic language depends on the form in which the integrand is
expressed. For instance, Mathematica 6.0 is unable to evaluate the trigonometric
version of (1.2) given as the right-hand side of (1.3).
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The idea exploited here, introduced by I. Vardi in [13], is to associate to each
function ) a gamma factor

1 s—1
1
(1.6) To(s) ::/ Q(x) (log x) dz,
0
so that, the integral (1.1) is given by
(1.7) Ig =Tg(1).

An explicit evaluation of I is achieved in the case where Q(x) is analytic at
x = 0. Starting with the expansion

(1.8) Qx) =) ana™,
n=0

we associate an L-series

oo

(1.9) Lo(s) =Y —=

n=0 (TL + 1)5
The integral (1.1) is now evaluated as
(1.10) Ig = —7Lq(1) + Lg(1),
where v is the Fuler-Mascheroni constant. The interesting story of this fundamental
constant can be found in [10]. The identity (1.10) is essentially Vardi’s method for
the evaluation of (1.2). Naturally, to obtain an explicit evaluation of I, one needs

to express Lqo(1) and Lg(1) in terms of special functions. We employ here the
Riemann zeta function

(1.11) ((s) =) % s> 1,
n=1

and its alternating form

(1.12) Gls) =Y

n=1

“”nz—a—2kﬂqg,s>a

nS

The relations
(_1)n+1 (27T)2nB2n

(1.13) ¢(2n) = 502n)! , n€Ny:=NuU{0},
(1L14)  C(1-n) = &iéiga neN,
(115)  ¢(=2n) = FU“%Qing,nEN

(1.16) ¢'(0) = —logv2m,

where B,, are the Bernoulli numbers, will be used to simplify the integrals discussed
below.

A second function that is used in the evaluations described here is the polyloga-
rithm function defined by

(1.17) PolyLog|c, z] := Z %

n=1
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and its derivative
d

(1.18) PolyLog" Ve, z] = d—PolyLog[c,z]
c

> logn

n
ncx

n=1
A complete description of Iy is determined here in the case where Q(z) is a
rational function. The method of partial fractions shows that it suffices to consider
three types of integrals:
the first type is
1
(1.19) pP; = / 27 loglog1/x dx,
0

that gives the polynomial part of @,

the second type is

L 27 loglog 1/
x? loglog1/x
1.20 Ry i(a) := —=—d
(1.20) m,j (@) /o (z + a)m+ z
that treats the real poles of ), and
the third type is

(1.21) Coni(a,b) := /0 (

with a? — 4b < 0. This last case deals with the non-real poles of Q.

27 loglog1/x
dx,
x? + ax + b)m+!

Integrals of first type. These are simple. They are evaluated in (2.10) as

1 .
; 7 +log(j +1)
P:= | ailoglogl/zde = 128U T 2)
¢ /Ox oglog1/x dx 1

Integrals of second type. The special case Ry, o(1) is evaluated first. We introduce
the polynomial

m

(1.22) Ton(x) =Y (=1) A1 jra?,
=0

with A, ; the Eulerian numbers given in (4.6). Then the integral

1
(1.23) E,, = / Tin—1(z) loglog1/x du
0 (2 + 1)m+1

is evaluated, for m > 1, as

(1.24)  Ep=(1-2")¢(1—m)+ (=)™ (y(2™ — 1) + 2™ log 2)

m

B,

The sequence E,, is then used to produce a recurrence for R,, ¢(1). The initial

condition

1
(1.25) Roo(1) = 7510g22
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is given in Example 4.1. Then, the values of R,, (1) are obtained from

_ Ba = bi(m)
(1.26) Fm,o(1) = bo(m) k=1 bo(m) Bom (1),
where
m—1 .
(1.27) br(m) = (—1)F Z <£) A j1-
j=0

This is described in Corollary 4.7.
The evaluation of Ry, ¢(a), for a # 1, appears in Proposition 5.1 and Corollary
5.3: the value of Ry o(a) is given by

13 Ao |

and, for m > 0, we have

Yoglog1/x dx B

—~log(1 4 1/a) — PolyLog™9 1, -1
T a vlog(1+ 1/a) — PolyLog* ™ [1,~1/a],

o ~ SlmJ j— 2(1/a)
Rpo(a) = a™(1+ a)m am‘*‘lm'z (1+1/a)

_ ! ZSl (m, j)PolyLog 9 [1 — 4, —1/a).

am™m!

Here S1(m,j) are the (signless) Stlrhng numbers of the first kind defined by the
expansion

(1.29) (B =D S1(m. j)t!

where (¢),, =t(t+1)(¢t+2)--- (t+m—1) is the Pochhammer symbol. The function
PolyLog!° [c x] is defined in (1.18).

For j > 0, the value of R,, j(a) is now obtained from the recursion in Theorem
6.1, written here as

(1.30) R o Z jr (@) R -4, (@),
where

(1.31) aj(a) == (~1)! (;) a".

This can be used for increasing values of the free parameter r, to obtain analytic
expressions for R,, j(a). For instance, r = 1 gives

(1.32) Rm}o(a) = ao’l(Cl)Rm,L()(a) + al,l(a)Rm’l(a),

that determines R,, 1(a) in terms of R,, o(a) and R,,—10(a), that were previously
computed. The value r = 2 gives

(133) Rm’o(a) = Oéo’g(a)Rm,Q,o(a) + al,g(a)Rm,l,l(a) + OZQ’Q(G)Rm}Q(a%

that determines R, 2(a) in terms of previously computed integrals. This procedure
determines all the integrals R, ;(a).
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Integrals of third type. These are integrals where the corresponding quadratic factor
has non-real zeros. The expression

(1.34) 2 +axr+b=(x—c)(xr—¢) =a®—2rrcosf +r?

is used to define

1
(1.35) Dm,j(r,ﬁ):/o 0

Naturally C,, j(a,b) = Dy, ;j(r,0), we are simply emphasizing the polar representa-
tion of the poles.

27 loglog1/x d
x.
22 — 2rx cosf + r2)m+1

The value Dg o(r,8) is computed first. Theorem 7.1 treats the case r = 1, with
the value

Doo(1,0) = — [(1—9/77)10g27r+10g<1—‘(1_9/27r))].

2sin 6 r0/2x)
The case r # 1 is given in Theorem 7.2 as
o 1 sin 0
D 0 = -— t .
0.0(r;6) rsing (r—cos@)

2o <PolyLog(1’O)[1, e /r) — PolyLog(l’O)[l7 e_w/r}) .
The next step is to compute Dg 1(r,6). This is described at the end of Section
7. The result is expressed in terms of the Lerch zeta function

> k
z
(136) @(Z,S,a) = Zm,
k=0
as
2
o r® —2rcosf +1
Do(r,0) = —§1og (rg)
in 0
— ycotf tan~! (sm)
r —cosf

0 —if
.1' {@(07170) <6’ 1, 1) — $(0,1,0) (e .1, 1)] )
2risin 0 r T

The reader will find in [11] information about this function.

The values of D,, ;(r,0) for m, j > 0, are determined by the recurrences

1 0

(1.37) D, (r,0) = _W@Dm—m—l(r, 0),

and

(138)  Duy(rf) = ——— (80 (1 0) 4 2rm Dy s (r 9)) .
IR 2mecosd \or " ’ e ’

These follow directly from the definition of D,, ;(r, #). Details are given in Section 7.

Comment. Integration by parts, shows that the integrals I in (1.1) include those
of the form

[ QW

1.
(1.39) Jo= | Fous
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This class was originally studied by V. Adamchik [1]. They were considered by
Baxter, Tempereley and Ashley [3] in their work on the so-called Potts model for
the triangular lattice. In that model, the generating function has the form

* ginh((m — t)z) sinh (2&
(140) Bu(t) = 3/0 };(s(inh(;i:))cosh}(ltgc)?) ) da.

V. Adamchik determined analytic expressions for (1.39) in the case where the de-
nominator of @) is a cyclotomic polynomial. The expressions involve derivatives of
the Hurwitz zeta function

> 1
(1.41) C(z,q) == nz:; e

Zhang Nan-Hue and K. Williams [14], [15] used the Hurwitz zeta function to eval-
uate definite integrals similar to the class considered here. Examples of integrals
that involve ((z,¢) in the integrand are given in [5], [6] and [7].

2. THE MAIN TOOL

The evaluation of the integral

1
(2.1) Ig = / Q(z)loglog1/x dz,
0
for a general function Q(x), is achieved by introducing the function
1
(2.2) To(s) = / Q(x) (log 1/2)*~* da.
0

The next result is elementary.
Lemma 2.1. The integral I is given by
(2.3) Io =Tp(1).

Example 2.1. The simplest case is Q(z) = 1. Here we obtain

1
(2.4) / loglog1/zdx =T'(1),
0

where

1 s—1 e’}
(2.5) I'(s) = / (log 1> dx = / t5 et dt,
0 x 0

is the classical gamma function. The reader will find in [4] the identity

(2.6) I'(1) = —,
where 7 is the Euler-Mascheroni constant. This example appears as 4.229.1 in [8].

Example 2.2. Consider now the case Q(z) = z¢, for a € R. Observe that
¥ (a1 I'(s)
(2.7)  Tga(s) = e " dt = ———, fora > —1 and s > 0.
0 (a + l)s
Differentiate with respect to s at s = 1 to produce

v +log(a+1)

1
2.8 “loglogl/xdr = —
(2.8) | atoglog1/ada e
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Differentiating (2.7) n times with respect to s, yields

(—=1)"*in!

1
(29) /O z¢ log" x log 10g 1/33 dr = W

(log(1 +a) +v — Hn),

where H,, is the n-th harmonic number. Mathematica 6.0 is unable to evaluate
(2.7) if both a and n are entered as parameters. The same holds for (2.9).

Note 2.2. The expression (2.8), with a = m € N, provides the evaluation of the
integral P, in (1.19):

7y t+log(m+1)

1
2.1 P, = M™loglogl/xdx =
(2.10) /o x™loglog1/x dx T

This appears as 4.325.8 in [8].

3. THE CASE WHERE () IS ANALYTIC AT x = 0

In this section we consider the evaluation of the integral

1
(3.1) Io ::/0 Q(z)loglog1/x dz,

where () is admits an expansion
o0

(3.2) Qz) = Z anx”.
n=0

The expression for I is expressed in terms of the associated L-function defined by
(3.3) Lo(s) = i (“7"
= (n+ 1)
The idea for the next lemma comes from [13].
Lemma 3.1. The function I'g satisfies I'g(s) = I'(s)Lg(s).

Proof. The linearity of I'g(s) in the @Q-argument shows that
o0

(34) FQ(S) = Z a’nl_‘a:" (5)
n=0

The result now follows from the value of I';n (s) in (2.7). O

Theorem 3.2. Assume @ is given by (3.2). Then

(3.5) Ig ::/0 Q(x)loglog1/xdr = —yLq(1) + Li(1).

Proof. Differentiate the expression for I'g in the previous lemma and use the result
of Lemma 2.1. O

The theorem reduces the evaluation of I to the evaluation of Lg(1) and Li(1).
The first series of examples come from prescribing the coefficients a,, of Q(x) so
that the Lg function is relatively simple.
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Example 3.1. Choose a,, = 1/(n+1). Then

(3.6) Q)= n”fl = —log“x_ z).
Then

= 1
(3.7) LQ(S):;WZC(S‘FD:

where ((s) is the classical Riemann zeta function. Theorem 3.2 gives
1 2
log(1 —
(3.8) / L(x ™) Joglog 1/ dr = = -
0

Mathematica 6.0 is unable to check this directly, but the change of variables
x = e~ ! transforms (3.8) to

o) ’)/7T'2
(3.9) / logtlog(l —e ") dt = o ¢'(2).
0
This is computable by Mathematica 6.0.
The constant
. logn
(3.10) ¢'(2) =- Z —

can be expressed in terms of the Glaisher constant

1
3.11 logA:= — —('(~1
(3.11) 0g ¢,
by
2

(3.12) ¢(2) = 0 (v +log(2m) — 121log A) .
This gives

1 1 1— 2
(3.13) / w loglogl/xdx = % (121log A — log 27)

0

as an alternative form for (3.8).

Example 3.2. We now consider the alternating version of Example 3.1 and choose
an = (—=1)"/(n+ 1). In this case

(3.14) Q) = Z (;lj_nfn _ log(1x+ 1’)’
n=0

and the corresponding L-series is

G (_1)71 —5
n=0
Theorem 3.2 and the evaluations
2 2
_m , _ mlog?2 1 ,
(3.16) Lo(1) = 12 and LQ(l) =15 + 2( (2),
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now yield
1 2
log(1 1
(3.17) / Mloglogl/xdx: 7T7(105;2—7)—%*('(2).
0 X 12 2
This can also be expressed as
1 2
log(1
(3.18) / Mloglog 1/xde = % (log4m — 121og A) .
0 X

As in the previous example, Mathematica 6.0 is unable to produce this evaluation,
but it succeeds with the alternate version

o0 2 1
(3.19) / log tlog(1+ e~ ") dt = % (log2 —v) + 5(’(2).
0

Example 3.3. Adding the results of the first two examples yields

1 5 ,
log(1 — )
(3.20) / M]oglogl/xdfﬂ: %(]0g2+7) _ §</(2)
0 T
Their difference produces
h 03 2log 2
(3.21) / log tlog tanh ¢ dt = % _ 141(2) LT lgg _
0

This cannot be evaluated symbolically.

Example 3.4. This example generalizes Example 3.1. The integrand involves the
polylogarithm function defined in (1.17). The choice a, = 1/(n + 1)¢ produces the
function

(3.22) Qz) = Z ﬁ = %PolyLog[c, x],
n=0

and the corresponding L-function is

1
(3.23) Lo(s) = 2;0 T ere = st
Then (3.5) gives
1
(3.24) / Pd%g[c’x]loglogl/zdx: —¢(e+ 1)+ (e +1).
0

Example 3.5. Choosing now a,, = (—1)"/(n + 1)¢ gives

(3.25) Qz) = nz:% M = —éPolyLog[c, —a]
and
- (=n"

(3.26) Lo(s) =) ——4—
We conclude that

/1 PolyLog|[c, —x]
O x

loglog1/zdr = (v(1 —27°) — 2 “log2) {(c+1)

—(1=279¢(c+1).
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In the special case where c is a negative integer, the function @ reduces to a rational
function. Details are provided in section 4.

Example 3.6. Interesting integrands can be produced when a,, that are periodic
sequences. For example, the choice

(3.27) ap, = 1 cos (27m)

gives the function

(3.28) Q)= cos (27;"> gt - st ot eh)

n=1
and the corresponding L-function

o0

(3.29) Lo(s) =Y Coffsf) _ ! _2378((8 +1).

n=1

Then (3.5) gives

1 2 2
log(1 1 2
(3.30) / log(l+ 2+ 7)1 otog1/zde = 2 + La2log3+ 2¢'(2).
0 x 9 18 3

Example 3.7. This example presents a second periodic sequence. The choice
1 2mn

3.31 n=— —

(3.31) ay = — cos ( 7 )

gives the function

oo

(3.32) Q) =% % cos <27;”) 1 log(l— gz +27)
n=1

2z ’

where ¢ = (v/5 — 1)/2. The corresponding L-function is

00 2mn

COS<7> 1 —27i/5 /5
Lo(s) =Y — 5= =3 (Po1yLog[s +1,e727/5] + PolyLog[s + 1, e2™"/ ]) .
n=1

The values Lg(1) = 7%/150 and

(3.33) L) = -

3
1[]e
o
Swgq
3
o
o
wn
/N
)
cn‘ﬂ
3
~_

and Theorem 3.2 give the identity

1 2 2
log(1 — pz + 2°) YT logn 2mn
(3.34) /0 5 loglog1/z dx = 150 + ngﬂ o cos| — |

Example 3.8. The result of Theorem 3.2 reduces the evaluation of a certain class of
integrals to the evaluation of the corresponding L-functions. Many natural choices
of the function @) lead to series that the authors are unable to evaluate. For example,
Q(x) = e* produces the identity

o0

1
logn
3.35 Tloglogl/xdx = —y(e — 1) —
a3) [ eloglogl/eds = (e —1) = Y <,

n=1
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and we have been unable to procude an analytic expression for the series above.
The same is true for the series in (3.34).

4. EVALUATION OF INTEGRALS WITH REAL POLES. AN EXPRESSION FOR R,, o(1)

We now turn to the evaluation of the integrals

z? loglogl/x
4.1 R, i(a) = s
4.1) 4(a) A (x +a)™t!

The method of partial fractions can then be used to produce explicit formulas for
integrals of the type

1
(4.2) Ig = / Q(z) loglog 1/x dx
0
where @ is a rational function with only real poles.

In this section we introduce a special family of polynomials T;,(z) and produce
an explicit analytic expression for

1
Tm—1(z) loglog1/x

4. E,, = .

3 f,

These are then employed to evaluate R, o(1).

Definition 4.1. The Fulerian polynomials A,, are defined by the generating func-
tion
o0

(4.4) 12 > Anla)—.

1 —zexp[t(l —x)] B —

Note 4.2. The Eulerian polynomials appear in many combinatorial problems. The
coefficients A, ; in

(4.5) Ap(z) = A g
j=1
are the Fulerian numbers. They count the number of permutations of {1, 2, --- ,n}

which show exactly j increases between adjacent elements, the first element always
being counted as a jump. The numbers A,, ; have an explicit formula

(4.6) Ay =31 (m; 1)(3‘ —R),

k=0
and a recurrence relation
(47) Am,j = jA'rrL—l,j + (m - .] + 1)Am—1,j—1
that follows from
d
(4.8) Aps1(z) =z(1 —2)—Ap(z) + (m + 1)z A, (2),
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with Ag(z) = 1. The recurrence (4.8) follows directly from (4.4) and it immediatly
implies that A,,(x) is a polynomial of degree m. The first few are

Ao () L,

Ai(z) = =z,

Ay(z) = 2?4z,

Az(z) = 2%+ 42+,

Ay(z) = 2t +112% 4+ 112% + .

More information about these polynomials can be found in [9].

We now present the relation between Eulerian polynomials and the polylogarithm
function.

Lemma 4.3. Let m € N. The polynomial A,,(z) satisfies

Ap(—2)
Proof. The identity
(4.10) PolyLog[—m, —z] = Z(—l)"“(n +1)mgn T
n=0
shows that
1
411 PolyLog[—m, —z] = (™)
(4.1 olyLogl-m, ~a] =0 ().
where ¥ = x%. The claim now follows by using (4.8) and an elementary induction.

O

We now employ Eulerian polynomials to evaluate an auxiliary family of integrals.

Proposition 4.4. Let m € N. Define

Am+1(_$) %

(4.12) T () i= == = (1) Aps 12’
j=0
and
1
Tm—1(x) loglog1/x
4.1 B, = .
( 3) m /0 (.27 T 1)m+1 dx
Then
(4.14)

Epn=0-=2")¢(1-m)+ (y(2™ —1) +2™log?2) (1 —m), for m > 1.
Proof. This is a special case of Example 3.4. O

Note 4.5. The relation (1.14) gives
(4.15)

B, = (1-2™)¢(1—m)+(=1)"" (4(2™ — 1) + 2™ log 2) B—m, for m > 1.
m
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For example,

v logm log?2
4.1 F, = —= _
(4.16) ! 2" 2 2
1 ~v log2
E, = ——— - — 3log A
2 4 4 3 + og A,

where A is the Glaisher constant defined in (3.11).

The expression for F,, in (4.15) is now used to provide a recurrence for the
integrals R,, o(1), where R,, j(a) is defined in (1.20). We begin with an example
that will provide an initial condition for the recurrence in Corollary 4.7.

Example 4.1. The integral Ry (1) is given by

Yoglog1/z dx _log2 2

(4.17) Roo(1) = [ <ERELEEE 8

The choice a,, = (—1)" in Theorem 3.2 produces Q(z) = 1/(1 4+ z) and Lg(s) =
(1—2'7%)¢(s). Passing to the limit as s — 1 and using Roo(1) = —yLq(1)+ L{y(1)
gives the result.

Theorem 4.6. The integrals E,, in (4.15) satisfy

m—1
(4.18) Ep =Y bi(m) Rk (1),
k=0
where
m—1 .
_ J _
(4.19) b(m) = (—1)F ; (k> Ao

and A,, ; are the Eulerian numbers given in (4.6).

Proof. In the expression

1
T loglog 1
o GrDm
use (4.12) to obtain
m—1 1,5
, 27 loglog1/x
. m = g —1)7 A —=—d
(4 21) E = ( ) J+1 /0 (.’17 + 1)m+1 £

Now write z = (z + 1) — 1, expand the resulting binomial and reverse the order of
summation to obtain the result. O

Corollary 4.7. The integrals R,, o(1) satisfy the recurrence

(4.22) Rio(l) = Eu
(4.23) Rno(l) = bi%)—’;ZSEZ;Rmk,O(l).

Proof. First observe that by(m) # 0. Indeed,

(4.24) bo(m) = Em: A = An(1).
j=1
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Using the recurrrence (4.8) we conclude that A,,+1(1) = (m + 1)A,,(1). Therefore

bo(m) = A (1) = ml. O
Example 4.2. The previous result provides the values

Rio(l) = % (—y +logm —log2),

Ryp(1) = i (=3 — 9y —10log2 + 361log A + 6log )

Rs30(1) = i (=3 — Ty —8log2+36log A+ 4logm + 7¢(3)/7?) .

These integrals are computable using Mathematica 6.0.

5. AN EXPRESSION FOR R,, o(a)

In this section we present an analytic expression for
1
loglog1/x
5.1 R = ————dx.
(5.1) m,0(a) /0 (z + a)m+1 x

The result is given in terms of the polylogarithm function defined in (1.17) and the
derivative PolyLog"? [c, ] defined in (1.18). The evaluation employs the expres-
sion for R, 0(1) given the previous section.

Proposition 5.1. The integral Ry (a) is given by

(5.2)
1
loglog1/xzd
Roo(a) := / loglog 1/w dz = —vlog(1 + 1/a) — PolyLog™[1, —1/a].
0 Tr+a
Proof. The expansion
1 1 &
) _ _ -1 n,_—n_n
(5:3) Q) = — a;)( )la”" ",
produces the L-function
(5.4) Lo(s) = i B Gl = —PolyLog|[s, —1/d]
| O Gy el

Theorem 3.2 gives the result. O

The evaluation of Ry, o(a) for m > 1 employs the signless Stirling numbers of
the first kind S1(m, j) defined by the expansion

(5:5) ()m = 251(m7j)tj7

where (t),, = t(t+ 1)(t +2)--- (t + m — 1) is the Pochhammer symbol.

Theorem 5.2. Let m € N and a > 0. The L-function associated to Q(z) =
1/(z 4+ a)™*! s

(5.6) Lo(s) = -

am™m)! 4

1 m
Z Sl (m,])PolyLog[s - j7 _1/0‘]'
Jj=1
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Proof. The identity
_ _1\k
o) () - i

is used in the expansion
1 -0
— 4B -8 _ 4B —k .k
(5.8) Tt a)p =a P(l4+z/a) =a k§_0< i )a x

to produce

_ —1/a)*
(5.9) (m—i—a - BZ k'k:+1

Now choose = m + 1 and use the elementary identity

(m+1)r  (k+1)p,
k! - oom!
to write the L-function corresponding to Q(z) = 1/(z + a)™*! as

a—(m—i-l) e (_1/a)k(k+1)m

(5.10)

(5.11) Lo(s) =

! s
ml = (k+1)
Finally use the expression (5.5) to write
—(m+1) m 0 1
a”my a
(5.12) Lg(s) E Si(m,j) E (]i+/))

and identify the series as a polylogarlthm to produce the result.

Corollary 5.3. Let m € N. Then the integral

1
loglog1/x
5.13 Ryola) = [ 225710 4
(5.13) o(a) /0 (z + a)m+1 z
is given by
y S1(m,5)T;—2(1/a)
Rmo(a) = — -
ola) a™(l1+a)m am+1m' Z (1+1/a)?
1 . .
S Z S1(m, j)PolyLog™V[1 — j, ~1/al,
j=1

where T} is the polynomial defined in (4.12).

15

Proof. The result follows from Theorem 3.2 and the expression for polylogarithms

given in (4.3).
Example 5.1. The choice a = 2 and m = 1 gives

1
loglog1/xd 1
(5.14)  Rio(2) = /0 wzj,fdﬂ%u,mm,,

(x +2)? 6

O

Mathematica 6.0 is unable to compute these integral. The expansion of the poly-

logarithm function gives the identity

Yloglog 1/z dx 7= (=1)" logn
5.15 oe08/rar (=1 logn.
(5.15) /0 (x +2)2 6 +Z
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6. AN ALGORITHM FOR THE EVALUATION OF R,, ;(a)

In this section we present an analytic expression for
L 29 loglog1/x

(6.1) Ry j(0) = /0 e

These results provide the evaluation of integrals of the type

1
(6.2) Ig = / Q(z)loglogl/x dx
0
where @ has real poles. The case of non-real poles is discussed in the next section.

Theorem 6.1. The integrals R,, ;(a) satisfy the recurrence

(6.3) Bno(@) =D (@) Rnri5(0),
§=0

for any r < m. Here

(6.4) ajr(a) = (—1)! (T> a "

J

Note 6.2. The recurrence (6.3) can now be used for increasing values of the free
parameter 7, to obtain analytic expressions for R,, j(a). For instance, r = 1 gives

(65) Rm}o(a) = a071(a)Rm_170(a) + al,l(a)RmJ(a),

that determines Ry, 1(a) in terms of R, 0(a) and R,,—10(a), that were previously
computed.

The proof of Theorem 6.1 employs a recurrence for the functions ¢ ,(a) that is
established first.

Lemma 6.3. Let k,r € N and ¢ ,(a) as in (6.4). Then

ap.r(a) oy (a)z . (a)z” 1
6.6 : d : — .
( ) (a:+a)k + (x—i—a)k‘H + + (x+a)k+r (a:—&—a)’“"”

Proof. Expand the identity
T GO (1— i )T.
a” r+a

Proof of Theorem 6.1. Multiply the relation in Lemma 6.3 by loglog1/x and inte-
grate over [0, 1].

O

Example 6.1. We now use the method described above to check that

1
loglog 1 1

wdaz: - (—10g22+’y—10g77+10g2) .

(6.7) Rm(l)::/o (@ +1)2 2

The recursion (6.3) gives
(68) R170(1) = 01071(1)R0,0(1) + a171(1)R1’1(1).
Using the values o 1(1) =1 and a4,1(1) = —1 and the integrals

1
(6.9) Roo(1) = =3 log® 2
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given in Example 4.1 and

1
(6.10) Rio(1) = 5(
computed in Example 4.2, we obtain the result.

—v +logm —log?2),

Example 6.2. The computation of R; 1(2) can be obtained from the recurrence
(611) R1’0(2) = 040’1(2)R0’0(2) —|— 041)1(2)R1’1(2),

and the previously computed values

1
(6.12) Ri0(2) = _% _ 5pO]yLOgu,o) 0, -1,
and
3
(6.13) Ro0(2) = —ylog 5 — PolyLog™¥[L, —3].
It follows that
1
x loglog1/x
Ri1(2) = D= Rt = et Bl |
u@) = [
3
= % — vlog 5+ PolyLog™?[0, — - PolyLog:9 1, 1,—1]
o 3 = (=1)"logn
= 5 —vlgs—) —F——(1-1/n).
3 %83 T; A= 1/n)

Example 6.3. We now illustrate the recurrence (6.3) to obtain the value
1,2
z? loglog 1/x
6.14 R32(5) = ————dx.
( ) 3,2( ) A (.’I? + 5)4
We first let m = 3 in (1.33) to obtain
(615) R3,0(5) = 040?2(5)R170(5) + 041,2(5)]:{2’1(5) + 06272(5)]%3)2(5).
The integrals with second index 0 are given in (5.3) by

(6.16) Rio(5) = — L — LpolyLog®00, .y
’ 30 5
and
91y 1 1,0
=—— _ _ PolyLog"9[—2, -1
R3,0(5) 81000 750 olylL.og [ ) 5}
1,0 1 1,0 1
The next step is to put m = 2 in (1.32) to obtain
(617) R270(5) = a0,1(5)R1,0(5) + 01’1(5)R2’1(5).
The values
11y 1
Rao(5) = ——L — L polyLog0 (=1, —1] — —PolyLog™?[0, —1
2,0( ) = 1800 ~ 50 olyL.og [ ) 5] 50 olyLog [ ) 5]

and Ry 0(5) is given in (6.16). These come from Corollary 5.3. Equation (6.17) now
gives

Ry1(5) = X + PolyLog(1 0) [-1,—

1
11 _ = polvLoet 0. — 171
360 ] 10 olylL.og [07 5]

5
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Finally we obtain

”
R32(5) = ~ 300~ %PolyLog(lo)[ 2, —1]

1
1,0 1,0
+ —mPolyLog( )[—17 —%] - 1—5PolyLog( )[07 —%]

from (6.15).

Note 6.4. The integrals R,, j(a) are computable by Mathematica 6.0 for ¢ = 1,
but not for a # 1.

7. EVALUATION OF INTEGRALS WITH NON-REAL POLES. THE INTEGRALS
Cm,j(aa b) = Dm,j (7“, 9)

We consider now the evaluation of integrals

1

(7.1) Chj(a,b) = /
o (

where a? — 4b < 0, so that the quadratic factor has non-real zeros. This is written
as

x-j
2 + ax + b)m+l

loglog 1/x dx,

(7.2) 2 +ar+b=(x—c)(x—¢) =a*—2rrcosh +r?

and we write

1 J
T
7.3 D,, i(r,0) = loglog1/x dzx.
( ) ’J(T ) /0 (12—2T:L'cost9+r2)m+1 © /x o

Naturally C,, j(a,b) = Dy, j(r,0), we are simply emphasizing the polar representa-
tion of the poles.

Plan of evaluation: the computation of D,, ;(r,8) can be reduced to the range
m > 0and 0 < j < 2m + 1 by dividing 27 by (2? — 2m:cos€ + 1)™+L in case
j > 2m + 2. The fact is that the recurrences (1.37) and (1.38) determine all the
integrals D,, ;(r,0) from Dg o(r,60) and Dg1(r,6). This is illustrated with the four
integrals Dy ;(r,0) : 0 < j < 3. Begin with (1.37) with m = j = 1. This gives

1 9
(74) DLl(T’, 0) = 7W%DO7O(T, 0)
and then (1.38) with m = j = 1 gives
1 0
(75) Dl’l(T, 6‘) = m (aTD() o(T 9) + 27"D1 0(7’ 9))
and this determines D1 o(r,0). Now use m =1, j = 2 in (1.37) to obtain
1 8
(7.6) Dy o(r,0) = 3 smB a0 0,1(7, 6).

Finally, (1.38) with m = 1 and j = 3 yields

1 0
(77) D173(T, 9) 2(}089 (8 DO 2(7” 9) + 27’D1 2(1" 0))
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Dividing z? by 2? — 2rz cos 6 + r? expresses Dy 2(r,0) as a linear combination of

Dy o(r,0) and Dy o(r,0). This process determines Dy 3(r, 6).

We compute first the integral Dy o(r, #). This task is is divided into two cases ac-
cording to whether r = 1 or not. Theorem 7.1 gives the result for the first case and
Theorem 7.2 describes the case 7 # 1. The evaluation of the integrals D,, ;(r,0)
are then obtained by using the recurrences (1.37) and (1.38).

Calculation of Dg(1,6). This is stated in the next theorem.

Theorem 7.1. Assume 0 < 8 < 27. Then

L oglog1/z
D0,0(LH) = / g g /
0

22 —2xcosfh + 1

s

= [(1 — 6/x)log 27 + log <

2sinf

Tt )]

Proof. Consider the function

sin 6
2 —2xcosfh + 1

(7.8) Qr) =

with the classical expansion
(7.9) Qz) = Z sin ((k +1)0) 2*
The corresponding L-function is given by

2 sin ((k+1)6
(7.10) => k+1 ),
k=0

and its value at s = 1 is given by

(7.11) Lo(1) = Z sin (](Ck—:rll)@) o ; 0,

while the closed form of the derivative at s =1 is

(7.12)  Ly(1) = —ZWI%(}HU
k=0

i r'(0/2m) 0
= —— (1 —_ log 2 —=1])].
2 (Og (F(l—&/?ﬂ') + (v +log2m) { -
This identity can be found in [2], page 250, #30. The result now follows from

Theorem 3.2. O

Calculation of Dy (r,0) in the case r # 1. This is stated in the theorem below.



20 LUIS A. MEDINA AND VICTOR H. MOLL

Theorem 7.2. Assume 0 < 6 < 27 and r # 1. Then

! loglog 1
Doo(r,0) = / oglog1/x e
0

22 — 2rxcosf + r?

v 1 sin 6
= - t -
rsing (r—cos9>

(PolyLog(l’O) [1,¢" /r] — PolyLog "1, e*w/rD .

2risin 6
Proof. Consider the function

r2sin @ > osin((k+1)0) 4
1 = — i S S e
(7.13) Q) 2 — 2rzcosf + r? kZ:O rk v

and the corresponding L-function

A e
0 pi(k+1)0 _ o—i(k+1)0

T & 2ik(k+ 1)

= % (PolyLog][s, e" /r] — PolyLogls,e™ " /r]) .
The identity
(7.14) PolyLog[1,a] = —log(1 — a),
yields the value
(7.15) Lo(l) = 212 [—log(1 — e /r) +log(1 — e~ /r)] .
The value of L(1) can be written as
(7.16) Lo(1) = rtan™? (%) .

This follows by checking that both expressions for Lg(1) match at 6 = 0 and their
derivatives with respect to # match. O

We now present several special cases of these evaluations. Many of them appear
in the table of integrals [8].

Example 7.1. The value Dy (1,6) in Theorem 7.1 appears as 4.325.7 in [8].
Example 7.2. Replacing 6 by 6 + 7, we obtain the evaluation

/1 2 loglog1/x do— T 910g27r+10g I'(1/2+6/2n) .
0o 22+ 2xcosf+1 2sin 6 ™ I'(1/2 —0/2m)
This appears as 4.231.2 in [8].

Example 7.3. The value § = 7/2 provides

1
™ loglog1l/x T m T(3/4)
Doo (1,T) = [ 288/ 4 T ogom + T1 .
0’0(’2) /0 Tpa2 T et ey

This is the example discussed by Vardi in [13].
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Example 7.4. The angle § = 7/3 yields the value

7T)_/1 loglog1/x . 27710g27r+L1 I'(5/6)
3) T T 53 V3 B T(/6)

This appears as 4.325.6 in [8] where the answer is written in the equivalent form

1
loglog 1 2
/ogog/xdm T
0

Doy (1

{2 log 27 — log 1“(1/6)]

1—a+2? V3

The equivalent form
logzdx 2m |5
———— = — |=log27 — logI'(1/6

appears as 4.332.1 in [8].
Example 7.5. The angle § = 27/3 provides an evaluation of 4.325.5 in [§]:

2m Yloglog1/x mlog2r 7 I'(2/3)
Do — [ 88T + :
( 3> /01+x+x2 338 V3 CT(1/3)
The equivalent form
< ] I'(2 2
(7.17) / logwdw 7w, (T(2/3) Vor
o e¥4+e*+1 /3 I'(1/3)

appears incorrectly as 4.332.2 in [8]. The correct result is obtained by replacing

V2m by V/27.

Example 7.6. The limit of Dg(1,6) as § — 7 gives the evaluation of

1
T loglog1/x 1
D (1)7)__/ 0808 /Ty = = (logm — log 2 —
0,0 5 Ut 2(0g7r og 7).

This is 4.325.3 of [8].

Example 7.7. It is easy to choose an angle and produce an integral that cannot
be evaluated by Mathematica 6.0. For example, § = 37 /4 gives

(5] [ e (5 (03)

Note 7.3. The evaluation of Lg(1) yields the identity

1 .
dx 1 sin ¢

7.18 = tan™! [ ——— | .

(7.18) /0 22— 2rzcosf+ 12 rsmf (rcost9>

Note 7.4. The polylogarithm terms appearing in the expression for D o(r, ) can
be written as in terms of the sum

log(k +1)
(7.19) Zsm (k+1 D)

The authors are unable to express the function U(r, #) in terms of special functions
with real arguments.

We now proceed to a systematic determination of the integrals D,, ;(r,6) for
m, j > 0. For that, we use the recurrences (1.37) and (1.38).
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Proposition 7.5. Assume 0 < 6 < 27. Then

1 x loglog1/x
Dy4(1,0) = d
11(1,6) /0 (x2 — 2z cosf + 1)2 v
log 27
= 1 —0)cot ) + ——— 0/2 1-0/2

BT (1t 0)cotd) + —r (4(6/2m) + (1~ 6/2m)
T o (1 —6/2n)

+ 1 6¢ 0 cot 0 log (F(G/Qﬂ) .

Proof. The result follows directly from (1.37) and Theorem 7.1. |

Note 7.6. For the case r # 1 the value of D; 1(r,0) can be obtained by differenti-
ating the expression for Dg o(r,6) in Theorem 7.2.

Particular cases of this result are stated next.

Example 7.8. The angle § = /2 produces

1
T xloglogl/z log2m 1 1 1 3
D1=1(1’§)"/0 e W= tevla) Tev )

Here () = T"(x)/T'(z) is the polygamma function. Using the values

1 T 3 T
1/1(4) ——7—5—310g2 and1/;<4) ——’y+§—3log2

that appear in [8] as 8.366.4 and 8.366.5 respectively, we obtain

1
x loglogl/x 1
7.20 —————dx = —(l —2log2 — ).
(7.20) /0 iz @ (logm —2log2 —7)
The equivalent version
1] d
(7.21) / BETE —logm—2log2 — 7,
o cosh“z

appears as 4.371.3 in [8].

Example 7.9. The angle § = 7/3 gives the evaluation

1
™ x loglog1/x
Dia (1’ §) o /0 (22 —z+1)2 de
log2r  2mlog 2w T (F(5/6))
= + + lo
3 03 33 S\I(1/6)

1 1 1 5
50 (5) 50 (5):

Using elementary properties of the 1 function and the values

1
(7.22) n <6) =y %\/g - %log3 —2log?2,

and

5 3 3
(7.23) " <) —y+ WT — 5 log3 — 2log2,
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that appear in [12], page 21, we obtain
/1 x loglogl/x _ v log2 Tmlog2 log3 wlog3
0

(22 — x4 1)2 vz 3 3 93 2 33
logwr 8mlogm 4w ( 1)
+ — logT' | = ).
3 9v/3 3v3 &

Example 7.10. The recurrences (1.37) and (1.38) yield

b 22 loglog1/x _ 1 I'(11/12)
/0 m dx = 5 (9V/3 + 257) log 27 + 5 log (F(1/12) )
3v/3

b 22 01/12) 14 (11/12) + o (6 (11/12) - ¥ (1/12)).

This can be written as

1 2
x* loglog 1/x 3v/3y 35 9 9
= e S gr — 7773\/310 2+ “rlog2— =v3log3+ = log(2 — V3
/<_\/§z+1)3 g2+ o mlog2 — - v3log3 + o log( )

—5mlog(V3 —1) + 37\/3 logm + %Wlogﬂ — 10mlogT' (1/12)

1, 1,
—g ¥ (1/12) + ¢/ (11/12).

Example 7.11. The values r = 2 and 6 = 7/3 yields the evaluation

1 .
loglog1/x dx v ( 1,0) [+ 144v3 1,0 —iv3
_ PolyL [1, 15258 ] — PolyLog® [1,1=04] ).
| = a7 ag (PoivLos ]~ PolyLog ;

Mathematica 6.0 is unable to evaluate this integral.

Calculation of Dy 1(r,0).

The integral

1
xzloglogl/x dx
7.24 Doy (r,0) =
( ) 0.1(r;6) /0 2 — 2rz cos O + r?

corresponds to

(7.25) Q) =

X

22 —2rzcosf + 12’

To evaluate the integral Dy 1(r,0) we employ the expansion

(7.26) x :Z sin k6 ok

x? = 2rzcosf+r? LMt sing

We conclude that the L-function associated to this @ is

sin k6
(7.27) o s1n9 Z rhtl (k4 1)s

Therefore

sin(k + 1)6
2 =
(7.28) smtﬁ)z:?"’“rl (k+2)
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To evaluate this sum, integrate (7.26) from 0 to 1 to produce

x2 —2rxcosfh +r?’

1
d
(7.29) LQ(1):/ Tar
0
Observe that
/1 xdx B 1/1 (22 — 2rcosf) dz n
o 2 —2rzcosf+r2 2 )y x2—2rzcosf + 12

+ rcos@/ de
o T2 —2rxcosf + 12’

Both integrals are elementary, the latter is given in (7.18). Therefore,

1 22 0+1 in 6
(7.30) Lo(1) = 5 log <TT:208+> +cotf tan™! (Sm> .

r —cosf

The L-series (7.27) can be expressed in terms of the Lerch ®-function

(7.31) (z,8,a) kgo Fta)r
Indeed,
1 & ikl _ —ike
Lots) = 2isinf £ ’I“k'H (k+1)s

_ 1 o (0/r)F (e )"
" 2irsind <kz_0 (k+1)  (k+1)* )

1 ei& 672’0
= S| —,51)—-P[—,s,1 .
2risin 6 [ ( r > < r 5 )}

The next statement gives the value of Dg 1(r, ).

Theorem 7.7. The integral

1
xloglog1/x dx
7.32 D 0) =
( ) 0.1(r;6) /0 22 — 2xrcosf + r2

is given by
2
5y r* —2rcosf +1
D071(T, 9) = 75 10g (r2 )
in 0
— ycotf tan™! (Sm>
r —cosf

0 —10
_1. $(0,1,0) 67’171 — $0,1,0) e’ 1,1 )
2risin 6 r T

Note 7.8. This evaluation completes the algorithm to evaluate all the integrals
Dm,j (T, 0)
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8. ADAMCHIK’S INTEGRALS

V. Adamchik presented in [1] a series of beautiful evaluations of integrals of the
form (1.1), where the denominator has the form (1 4+ 2™)™ for n, m € N. The
results are expressed in terms of the Hurwitz zeta function and its derivatives. For
example, in Proposition 3, it is shown that

1 p—1
T v+ log2n P n+p
loglogl/xdr = ——— — ) =
/0 4o oslosl/zde on (w(Qn) w( on >)
1 ’ p ’ n+p
~ (¢ (1 —) (1, :
2n (C ( "2n ¢ ( 2n
followed by Proposition 4 that states that
1
1-—- 1 1
/ 2P1 x loglog1/zdz = 7 +logn (w (B) — 3 (“))
0 1—2zn n n n

(- (5)

The expressions become more complicated as the exponent of the denominator
increases. For instance, Proposition 5 gives

/(Jlmloglogl/rdx (n )(log%ﬂ) <w (20) - (Hp))
INE=

. <+log2n_zlog< E ))

L(*52)
* 2n2p (C (1 2];) CI( 247; )

+

+

and in Proposition 6 we find

P! _ 3n—2p I (3) (5n — 2p)(log 2n + 7)
/0 EDE loglogl/xdz = 52 log (F(éf)> — 2
(n —p)(2n —p)(log 2n +7) p n+p
+ 4n? (w(%)_w( 2n ))

CHeg)-o(452)

(n—p)(2n—p) /( P iy ntp
A 1, —) ¢ (1, .
+ 4n3 ¢ 2n ¢ 2n
We now describe some examples on how to use Theorem 3.2 to obtain some of
the specific examples in [1].

Example 8.1. From Proposition 3 it follows that

(8.1) /0 1 ﬂ:n loglog 1/ dz — _W.
This appears as (27) in [1]. To check this evaluation, observe that
52) Q) = 2 = (1)

1+4an ’
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so the corresponding L-function is

(8.3) Lo(s) =Y

o gyS)

ksns ns

A direct calculation shows that Lo(1) = 10%2 and

v log 2 logZ2  log2logn
8.4 L,y(1) = - — .
(5.4 o(1) £ .

Then (8.1) follows from (3.5).

Example 8.2. Formula (28) in [1] is also obtained from Proposition 3 and it states
that

1 2n—1
1
(8.5) /0 f-I— o loglog1/xzdx = o (log2 2+2(log2 —1)logn — 2v) .

To prove this, consider

B p2n—1 B 0 k(24 k)
(8.6) Qz) = T kz:%(—l) 22t L
whose L-function is
(8.7) Lol =3 0 _ L1y
. Q - (2 T k)sns - ns :

k=0
Replacing the values

1—1log2
Lo(l) = ————

in (3.5) we obtain the result.

1
and L (1) = o (log®2 — 2ylog 2 — 2logn + 2log 2logn) ,
n

Example 8.3. The identity

1 3
T 0 VTT(3)

. loglogl/xdxr = —1 ASRSRY 14
(8.8) /0 T o1 loglog Jxdx 4og( O ),
appears as formula (30) in [1]. To establish it, consider the function

T\ k., 4k+1
(8.9) Q@) = 77 = 2 (=1,
k=0
with L-function
B10) Lol =Y A o L (e )~ (s 3)

' @ Lo (4k+2)° 23 O 4
The result follows from Theorem 3.2 by using the values
(8.11) Lo =5 (¥ (3) ¢ (3))
and

812 Lp) =252 (o (D) - v (1) + (0D - ).
The special values

(8.13) (1) =—7— % —3log2and ¢(3) = —y+ 5 — 3log 2,
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and the value

(8.14) ¢'(1,3) = ¢(1,2) =7 (y+1og2+ 3log2r — 4logT (1)),
are used to simplified the result. This last expression comes from
Wl
dLE)-¢@11-2) = mcot " (log 2mq + )
q—1 i
_ 27‘(210g (F (%)) sin 7qu.
j=1

This identity, established in [1], follows directly from the classical Rademacher
formula

(8.15) ¢ (z g) — 2P (1 — 2)(2mq)* zq:sin (% T QJT”) ¢ (1 _2, %) .

j=1

An alternative evaluation of this integral comes from the partial fraction decom-
position
T 1 1 1 1

8.16 -1 _ 1 .
(8.16) ?+2—-a?)x?+1 2a2?2—ax+1 2az?+azr+1

We assume |a| < 2 and write a = 2cosf. Then (8.16) yields

1

z loglogl/x 1
8.17 =
(8.17) /0 2t +(2—4cos?)x? +1 7 Ycos

Using the result of Theorem 7.1 we obtain

(Do,o(1,8) — Doo(L, 7 +6)).

1
x loglogl/x dx 0
8.18 =
(8.18) /0 x4+ (2—4cos?0)x2 +1 4$i1126’><

473 20 %) 1 0
1 ~Pogor—2log T (2 )T (=4 2)|).
(Og (sin9> T 0BT Og[ (27r> <2+2W>D

The special case § = w/4 produces (8.8).

Example 8.4. The case § = 7/2 in the previous example reduces to Example 7.8.

Example 8.5. The angle § = 7/3 in (8.18) yields

1

x loglogl/x T 1

8.19 —————dr = ——=(6log2 — 3log 3 + 81 —12logI' (3)) -

(8.19) /O a2 1 = g (Blog2—3log3 + Slogm —12logT (5))

Example 8.6. The angle § = /8 in (8.18) yields

/1 x loglog1/x g = T (
0ozt —2r2+1 8v2

9. A HYPERBOLIC EXAMPLE

(8.20) Tlogm — 4logsin § — 8logT' (§)) -

The method introduced here can be used to provide an analytic expression for
the family

* logtdt
(9.1) LCn::/ o8
0

cosh™ ¢
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The table of integrals [8] contains

*®logtdt =
9.2 LCy = = — (2log2 + 31 —4logT (1
02 1Co= [ O = (2log2 4 logn —4losT (1)),

as formula 4.371.1 and

> logtdt
(9.3) LC, = / o8 5~ = —7 +logm —2log2,
o cosh”t

as 4.371.3.

The change of variables x = e~ shows that
1
" loglog1/x

9.4 LC, = 2”“/ T 0808 /T,
(94) o (224 1)nt+l “
that identifies this integral as
(9.5) LC, =2"""D,, (1,%)

The recurrence (1.37), for r = 1 and j = m, become

1 0

(9.6) Dy (1,0) = “omsing 90

Dm—l,m—l (17 9),

and the initial condition

7r
2sin 6

DO,O(]-a 0) =

(1 /) tog2m + tog (S 220

I'(6/2m)
provides a systematic procedure to compute LC),. For instance, it follows that

LCy = 2°Dy5(1,%)

—%Catalan + % (2log2 4 3logm —4logl (%)),

and
LC; = 2'D33(1,%)
2y 4log2 2logm 28 ,
= —— — —('(=2).
3 3 * 3 + 3 ¢(=2)

The Catalan constant appearing above is defined by

oo _1 n
(9.7) Catalan = T;) (2(n—|—)1)2

10. SMALL SAMPLE OF A NEW TYPE OF EVALUATIONS

We have introduced here a systematic method to deal with integrals of the form

1
(10.1) IQ:/O Q(z)loglogl/xz dx.
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Extensions of this technique provides examples such as

X 2
/(1+logx)log(x+1) loglogl/wdr = 14 (y—1) (71T2_1)
0
2 /
2
_(7I2+2)10g2—<g)7
L 2 log 2 (2
/0 (1+logz) tan™' z loglog1/axdx = (1_7)%_£+%+<é )’
1 -1 2 q?
tanh log 2

/Mloglogl/zdx = 7%+W = +§C'(2)~

0 z & ?

Details will presented elsewhere.

11. CONCLUSIONS

We have developed an algorithm to evaluate integrals of the form

1
(11.1) Ig :/0 Q(z) loglog1/x dx.

In the case where Q(x) is analytic at = 0, with power series expansion

(11.2) Q(z) =) anz”
n=0

we associate to @ its L-function

(11.3) Lo(s) = ;ﬁ
Then
(11.4) Ig = —vLq(1) + Lg(1).

In the case Q(x) is a rational function, we provide explicit expressions for I in
terms of special values of the logarithm, the Riemann zeta function, the polyloga-
rithm PolyLog|c, ], its first derivative with respect to ¢ and the Lerch ®-function.
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